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AN INITIAL VALUE mTHOD FOR THE NUMERICAL TREATMENT OF 

THE ORR-SOMMEmELD EQUATION FOR THE CASE 

OF PLAn'E POISEUILLE FLOW 

by P h i l i p  R. Nachtsheim 

L e w i s  Research Center 

SUMMARY 

An exact numerical method i s  presented f o r  t he  ca l cu la t ion  of t h e  eigen- 
values i n  t h e  problem of the s t a b i l i t y  of plane P o i s e u i l l e  flow. The method ap- 
pears  t o  be r ap id  and highly accurate  and can e a s i l y  be general ized t o  solve 
more complex s t a b i l i t y  problems. The method of so lu t ion  c o n s i s t s  of t r e a t i n g  
t h e  boundary value problem as an i n i t i a l  value problem. The r e s u l t s  obtained 
agree c lose ly  with the numerical results of Thomas. 

INTRODUCTION 

The s t a b i l i t y  of plane P o i s e u i l l e  flow has been s tudied by many authors.  
Considerable controversy has been genera.ted by t h e  contradictory conclusions 
reached. Heisenberg ( r e f .  1) concluded t h a t  plane P o i s e u i l l e  flow became un- 
s t a b l e  a t  a s u f f i c i e n t l y  high Reynolds number, b u t  he did not ob ta in  a minimum 
c r i t i c a l  Reynolds number. Subsequently, Lin ( r e f .  2 )  obtained a minimum c r i t i -  
c a l  Reynolds number of 5300 based on t h e  maximum ve loc i ty  i n  t h e  cen te r  of the 
channel and i t s  half-width. Both Heisenberg and Lin used asymptotic series. A 
d i f f e r e n t  method w a s  used by Pekeris  ( r e f .  3), who concluded t h a t  t h e  flow i s  
s t a b l e  a t  a l l  Reynolds numbers. The disagreement between t h e  results of Pekeris  
and those of Lin led  von Neumann t o  suggest a d i r e c t  numerical calculat ion.  Ac- 
cording t o  reference 4, ca l cu la t ions  were performed i n  1950 under t h e  d i r e c t i o n  
of von Neumann, Pekeris, and Lin by using a method devised by von Neumann. The 
r e s u l t s  of t hese  ca l cu la t ions  were not published. I n  1953, however, Thomas 
( r e f .  4) published t h e  results of h i s  calculat ions,  which ind ica t e  that  plane 
P o i s e u i l l e  flow becomes unstable  a t  a Reynolds number of 5780. The d i r e c t  nu- 
merical  ca l cu la t ions  made by Thomas were q u i t e  lengthy and, according t o  refer-  
ence 5, t h e  l i m i t e d  amount of work performed requi red  2 weeks of machine t i m e  
on a high-speed e l e c t r o n i c  ca l cu la to r .  

A problem t h a t  b e s e t s  the d i r e c t  numerical i n t e g r a t i o n  of the disturbance 



equation i s  assoc ia ted  with the  la rge  values of t he  Reynolds number a t  which in-  
s t a b i l i t y  may be expected. The so lu t ion  varies rapidly; and f i n e  s t eps  must be 
taken. Thomas, who used a f i n i t e - d i f f e r e n c e  technique, overcame t h i s  d i f f i c u l t y  
and reduced the  t runca t ion  e r r o r  per  s t e p  by introducing a new var iab le  t h a t  i s  
a d i s c r e t e  representa t ion  of t he  o r i g i n a l  stream function. 

The present numerical method i s  based on step-by-step i n t e g r a t i o n  of t h e  
disturbance equation; hence, there  i s  no need t o  introduce a var iab le  defined 
only a t  d i s c r e t e  points .  The present  method, therefore ,  can be more e a s i l y  gen- 
e r a l i z e d  than the  f i n i t e - d i f f e r e n c e  methods t o  study s t a b i l i t y  problems of a 
more general  nature than the  s t a b i l i t y  of plane P o i s e u i l l e  flow. A reduction 
i n  the  t runca t ion  e r r o r  per s tep  i s  achieved by employing t h e  spec ia l  integra-  
t i o n  formula of Milne ( r e f .  6 ) .  

This repor t  o u t l i n e s  the  s teps  of t he  i n i t i a l  value technique ( r e f .  7 )  as 
appl ied t o  the  problem of the  s t a b i l i t y  of plane P o i s e u i l l e  flow and determines 
a l i m i t e d  number of eigenvalues f o r  the  purpose of comparison with the  r e s u l t s  
of Thomas. 

FOFMULATION OF 

I n  the  case of plane P o i s e u i l l e  flow 
- 
y = 2L with the  ve loc i ty  d i s t r i b u t i o n  U 

equation i s  obtained from the  f i r s t - o r d e r  
equation. The disturbance v e l o c i t i e s  a r e  

THE PROBLEM 

between p a r a l l e l  p l a t e s  a t  5 = 0 and - _- 
= U m a x E  - (ET], the  Orr-Sommerfeld 

per turbat ion of the  Navier-Stokes 
obtained from the  stream function, 

from which 

and 

(Symbols a re  defined i n  appendix A. )  
odic i n  the  dis tance x i n  the  d i r e c t i o n  of t h e  flow. The pos i t ive  quant i ty  - 
a i s  the  wave number of a disturbance wave and C y ,  t he  r e a l  pa r t  of e, i s  the  
ve loc i ty  of propagation of t he  wave. The imaginary pa r t  of c w i l l  determine 
whether t he  disturbance w i l l  grow (ci > 0 )  o r  decay (Ti < 0 )  i n  time. 
venient complex notat ion i s  used herein.  Physical meaning i s  at tached only t o  
t h e  r e a l  p a r t  of disturbance quant i t ies .  L e t  Re = UmaxL/v denote the  Reynolds 
number, and l e t  dimensionless var iab les  be introduced by replacing by yL, 

The disturbance flow i s  taken t o  be pe r i -  - 
- - 

- 
The con- 
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- - 
x by xL, E by a/L, 5 by tL/Uma,, C by Cumax, $ by LUmax$, and by 

LUmaxcp. 
from the  two momentum equations and has t h e  following form f o r  plane Po i seu i l l e  
flow i n  terms of t he  dimensionless var iables:  

The Orr-Sommerfeld equation i s  obtained by el iminat ing the  pressure 

a2d + Zcp] (4) 

Solut ions of t h e  d i f f e r e n t i a l  equation f o r  cp, f o r  given a and Re, can be 
made t o  s a t i s f y  the  boundary conditions that the  disturbance v e l o c i t i e s  u and 
v (and, hence, cp and c p ' )  vanish a t  the  boundaries 

y = o  

y = 2  

( 5 )  

only f o r  t he  proper values (eigenvalues) of e. It i s  a l s o  of i n t e r e s t  t o  de- 
termine t h e  minimum c r i t i c a l  Reynolds number, t h e  lowest value of Re f o r  
which i n s t a b i l i t y  occurs. 

O f  primary i n t e r e s t  with regard t o  equation ( 4 )  a r e  the  so lu t ions  t h a t  a r e  
even funct ions of y about t h e  l i n e  y = 1. Since t h e  ve loc i ty  p r o f i l e  i s  an 
even funct ion of y about t he  l i n e  y = 1, the  disturbance can be separated 
i n t o  even and odd funct ion pa r t s .  The former, which has a simpler flow pat tern,  
usua l ly  gives  a lower c r i t i c a l  Reynolds number; hence, t h e  second boundary con- 
d i t i o n  (eq. ( 6 ) )  a t  y = 2 i s  replaced by a condi t ion a t  y = 1, namely, 

INITIAL VALUE TECHNIQUE 

The approach t o  t h e  eigenvalue problem f o r  f ixed  a and Re used here in  
i s  t o  f i n d  values of 
l u t i o n s  (eigenfunct ions)  tha t  s a t i s f y  the  boundary conditions.  

c = cr + i c i  (e igenvalues)  f o r  which equation ( 4 )  has so- 

T r i a l  so lu t ions  a r e  obtained by step-by-step numerical i n t eg ra t ion  of the  
d i f f e r e n t i a l  equation f o r  t he  assumed i n i t i a l  values  and an assumed value of 
The proper i n i t i a l  values and 
s e l e c t s  t he  one so lu t ion  that  s a t i s f i e s  t h e  boundary conditions.  

c. 
c a r e  determined by an i t e r a t i v e  process t h a t  

Now equation ( 4 )  has fou r  l i n e a r l y  independent solut ions,  some of which 
grow exponentially a t  a r ap id  r a t e .  Hence, it i s  important t o  include as much 
information as possible  about t he  wanted so lu t ion  i n  t h e  problem statement. 
The preceding i s  accomplished by s t a r t i n g  at y = 0 with the  proper boundary 
values and then in t eg ra t ing  forward. Additional information i s  supplied by 
s t a r t i n g  a t  
ward. Next it i s  necessary t o  perform t h e  process of matching i n  t h e  middle. 
No attempt w a s  made t o  f i n d  an optimum matching point; however, t he  choice 
yc = 0.5 

y = 1 with t h e  proper boundary values  and then in t eg ra t ing  back- 

w i l l  t end  t o  equalj-ze t h e  t runca t ion  e r r o r  of t h e  backward and forward 
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so lu t ions .  

For computational purposes t h e  so lu t ion  i s  c a r r i e d  out i n  terms of t h e  
disturbance v o r t i c i t y  amplitude and t h e  stream func t ion  amplitude. In s t ead  of 
solving t h e  fourth-order equation, a system of two second-order equations i s  
solved, where s r ep resen t s  t he  disturbance v o r t i c i t y  amplitude 

(sa) cp” = s -t. a 2 cp 

Equations (8)  are solved subject  t o  t h e  boundary conditions (eqs. (5 )  and ( 7 ) ) .  

For t h e  forward so lu t ion  t h e  i n i t i a l  values  a t  y = 0 a r e  

The backward so lu t ion  i s  s t a r t e d  a t  y = 1 with 

The condition %(1) = 1 
whole so lu t ion .  Hence, i n  t h e  forward so lu t ion  t h e  values p and q cannot 
be f ixed  a r b i t r a r i l y  bu t  must be determined i n  t h e  i t e r a t i v e  process t h a t  a t -  
tempts to match t h e  so lu t ions  (pf and ‘43 a t  some common point  ye. The so- 
l u t i o n  must be continuous, and matching r e q u i r e s  a t  y = ye t h a t  

i s  a normalizing condi t ion and f i x e s  t h e  s i z e  of t h e  

cp; = (4: 

t t 
Sf = Sb 

If these conditions are s a t i s f i e d ,  a l l  t h e  higher  de r iva t ives  agree, and t h e  
matching i s  accomplished. 
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The q u a n t i t i e s  cpf(yc), cp;(y,), s f ( y c )  and S;(Y,) a r e  functions of P, q, 
and c and t h e  q u a n t i t i e s  %(ye) ,  &(ye) ,  sb(yc) ,  and s{(yc) are funct ions 
of r and c. Successive changes a r e  made i n  t h e  f i r s t  es t imates  of t h e  param- 
e t e r s  so t h a t  equations (11) a r e  u l t ima te ly  s a t i s f i e d .  

The Newton-Raphson method i s  used t o  f u l f i l l  t h e  conditions imposed by 
equations (11). If t h e  chosen values p, q, r, and c produce a so lu t ion  t h a t  
approximately s a t i s f i e s  equations (ll), a b e t t e r  approximation i s  obtained by 
s t a r t i n g  with p + Ap, q + Aq, r + &, and c + Ac i n s t ead  of p, q, r, and e .  
The q u a n t i t i e s  Ap, Aq, &, and Ac a r e  so lu t ions  of t h e  equations 

a a a s; - s i  + Ap-& (si - si) + Aq ag (si - s i )  + & -& (si - s;) 

i n  which t h e  funct ions and t h e  p a r t i a l  de r iva t ives  t h a t  c o n s t i t u t e  t h e  coe f f i -  
c i e n t s  are evaluated a t  ye. 

The p a r t i a l  de r iva t ives  a r e  obtained by solving add i t iona l  i n i t i a l - v a l u e  
problems. These equations are obtained by p a r t i a l  d i f f e r e n t i a t i o n  of t h e  terms 
i n  equations (8) .  The c o e f f i c i e n t s  of equations (8)  a r e  a n a l y t i c  funct ions of 
y and t h e  parameters a, Re, and c.  The so lu t ions  of equations (8), there-  
fore,  have the  same a n a l y t i c  p rope r t i e s  and possess t h e  required p a r t i a l  deriva- 
t ives .  

The q u a n t i t i e s  acpf/ap = cpf ,p  and asf/ap sf f o r  t h e  forward so lu t ion  , P  
s a t i s f y  t h e  system of equations 
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2 2 S " f ,P  = a Sf,p + ia+Y - y - C ) S f , p  + 2cpf,p] 

With the  i n i t i a l  conditions a t  y = 0 

t 
Tf,p = O 

S f , p  = I -  

The q u a n t i t i e s  acpf/aq cpf, and asf/aq = sf f o r  t he  forward so lu t ion  
Yq need not be computed by solving an i n i t i a l  value problem, but  they can be ob- 

ta ined  as a l i n e a r  combination of t he  two previous so lu t ions  (cpf,sf) and (cpf,p, 
s fYp)  s ince t h e r e  a re  only two l i n e a r l y  independent so lu t ions  of t he  d i f fe ren-  
t i a l  equation when cp(0) and cp'(0) a re  f ixed  a t  t h e  value zero. Note t h a t  t h e  
d i f f e r e n t i a l  equations (13) a re  t h e  same as equations ( 8 ) ,  and the  only d i f f e r -  
ence between t h e  two s e t s  of i n t e g r a l s  ( 'pf,sf)  and (cpf 
conditions s a t i s f i e d  by each se t .  The required i n t e g r a l s  a r e  given by 

q p )  i s  the  i n i t i a l  , P' 

and 

I n  p a r t i c u l a r  

and 
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f o r  t h e  forward so lu t ion  f ,  c The q u a n t i t i e s  &@c (pf,c and as,/& = s 
s a t i s f y  t h e  system of equations 

S ” = a‘s 
f , c  f Y  c + iciRe[(~y - y 2 - c ) s f y c  + 2(pfYc - sf] 

With the  i n i t i a l  conditions a t  y = 0 

S f , C  = O 

For the  backward so lu t ion  t h e  quan t i t i e s  acpb/ar ( ~ b , ~  and asb/ar ~ b , ~  

Yf,p and s f, P s a t i s f y  exac t ly  t h e  same system of equations (eqs.  (13)) as do 
except t ha t  t he  i n i t i a l  condi t ions i n  t h i s  case a re  a t  y = 1 

Final ly ,  f o r  t h e  backward so lu t ion  t h e  quan t i t i e s  k / a c  and 

asb/& Sb, s a t i s f y  exac t ly  t h e  same system of equations (eqs. ( 1 7 ) )  as do 
except t h a t  t he  i n i t i a l  conditions a t  y = 1 i n  t h i s  case a re  CPf,c and s f, c 
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variable i n  t h e  numerator i s  independent of t h e  variable i n  t h e  denominator. 

Equations ( 1 2 )  t hen  reduce t o  t h e  forms 

s; - ps '  
f ,  P - Ar S' + Ac(s '  - S'  ) = 0 ( 2 1 d )  b, r f , c  b,c s; - si + Ap + Aq q 

Hence, t h e r e  a r e  fou r  complex equations to determine t h e  fou r  complex q u a n t i t i e s  
Ap, Aq, &, and Ac a t  each s t e p  of t h e  i t e r a t i o n  procedure. 

Each s t e p  of t h e  i t e r a t i o n  scheme i s  c a r r i e d  out by s t a r t i n g  with an e s t i -  
mate of p, q, r, and c and then i n t e g r a t i n g  step-by-step t h e  forward system 
of equations (eqs. ( 8 ) )  with t h e  i n i t i a l  condi t ions (eqs. ( 9 ) )  t oge the r  with t h e  
two per turbat ion systems of equations (eqs. (13) and ( 1 7 ) )  with t h e  i n i t i a l  con- 
d i t i o n s  (eqs.  (14)  and (18)), respect ively.  Then t h e  backward system i s  i n t e -  
grated (eqs. ( 8 ) )  with t h e  i n i t i a l  conditions (eqs. (10 ) )  and t h e  two perturba- 
t i o n  systems, which a r e  equations s i m i l a r  t o  equations (13) and ( 1 7 )  b u t  with 
t h e  i n i t i a l  conditions (eqs. ( 1 9 )  and (20)) r e spec t ive ly ) .  The forward and 
backward so lu t ions  a r e  compared a t  t h e  matching point,  and the  c o e f f i c i e n t s  i n  
equations (21) a r e  evaluated. Equations ( 2 1 )  a r e  then solved f o r  Ap, &, Ar, 
and Ac, and t h i s  so lu t ion  gives an est imate  of t h e  increments required f o r  t h e  
next i t e r a t i o n .  

Only v a r i a t i o n s  with r e spec t  t o  t h e  real  p a r t s  of p, q, r, and c need be 
obtained by step-by-step in t eg ra t ion .  Since t h e  so lu t ions  of equations (8)  are 
a n a l y t i c  funct ions of p, q, r, and e ,  t h e  r e a l  and imaginary p a r t s  of t h e  com- 
p lex  de r iva t ives  appearing i n  t h e  c o e f f i c i e n t s  of equations ( 2 1 )  can be ex- 
pressed i n  terms of de r iva t ives  with r e spec t  t o  r e a l  q u a n t i t i e s  only. 

The d i f f e r e n t i a l  equations w r i t t e n  i n  rea l  form a r e  displayed i n  appendix B 
along with equations ( 2 1 ) ;  appendix B i n d i c a t e s  how the  c o e f f i c i e n t s  can be 
w r i t t e n  i n  terms of de r iva t ives  with respect  t o  r e a l  q u a n t i t i e s  only. 

The l abor  of carrying out t h e  step-by-step i n t e g r a t i o n  can be reduced by 
t h e  use of s p e c i a l  formulas f o r  i n t e g r a t i n g  second-order d i f f e r e n t i a l  equations 
i n  which t h e  f irst  de r iva t ive  does not appear e x p l i c i t l y .  I n  add i t ion  t h e  
t runca t ion  e r r o r  p e r  s t e p  i s  reduced by t h e  use of such formulas. These i n t e -  
g r a t i o n  formulas evaluate  t h e  second de r iva t ive  a t  each s tep.  Thus, correspond- 
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ing  to equations (8)  w r i t t e n  i n  r e a l  form there  will be fou r  second-derivative 
evaluat ions required; also,  corresponding t o  the  two per turbat ion systems of 
equations, equations (13) and ( 1 7 )  w r i t t e n  i n  r e a l  form, there  will be e ight  ad- 
d i t i o n a l  second-derivative evaluat ions required. Hence, i n  advancing the  solu- 
t i o n  the re  a r e  1 2  second-derivatives t o  be evaluated a t  each step.  The spec ia l  
i n t e g r a t i o n  formulas f o r  s t a r t i n g  and advancing the  so lu t ion  a re  given i n  appen- 
d i x  C. 

-1l .4855 
-25.5771 
-20.3758 
-16.8579 
-17.3995 
-18.1969 

-18.1846 
-18.0949 

-17.8535 

-18.0835 
-18.0832 

EiESULTS AND COMPARISONS 

-31.0653 507.6370 
82.9764 1062.0009 

240.0751 636.0073 
94.8133 707.6264 
64.3360 737.6275 
12.9200 808.5010 

-22.8133 835.5380 
-25.5464 834.2570 

-2.9052 808,4881 

-26 -9706 834.8310 
-26.9715 834.8209 

The procedure out l ined  previously for f ind ing  the  eigenvalue c f o r  a 
given point  i n  the  
prec is ion  ar i thmetic  (16 s ign i f i can t  f i gu res )  on the  I B M  7094 computer located 
a t  the  Lewis Research Center. 
appendix D, and a l i s t i n g  of t he  program i s  given i n  appendix E. 
so lu t ions  ( s t a r t e d  a t  y = 0)  were matched with the  backward solut ions ( s t a r t e d  
a t  y = 1) a t  y = 0.5. Eigenvalues were calculated a t  a l imi ted  number of 
po in ts  i n  the  a,Re-diagram, namely, a t  a, = 1 and Re = 1600, 2500, 6400, and 
10,000 i n  order t o  compare the  r e s u l t s  of the  present  method with the  r e s u l t s  
of Thomas. 

a,Re-plane w a s  programed f o r  so lu t ion  by using double- 

A b r i e f  descr ip t ion  of t he  program i s  given i n  
The forward 

Before making the  comparison, however, it i s  appropriate t o  examine the  ac- 
curacy of t h e  present r e s u l t s  and t o  consider t he  r a t e  of convergence of the  
i t e r a t i v e  process t h a t  determined the  eigenvalues. 

The accuracy of t h e  r e s u l t s  w a s  examined a t  the  point  a = 1 and 
Re = 10,000. Since the  t runca t ion  e r r o r  per s t ep  involved i n  in tegra t ing  the  
d i f f e r e n t i a l  equations increases  as &e increases,  t he  r e s u l t s  f o r  lower val-  
ues of Re should be more accurate  than those a t  Re = 10,000. The accuracy 
of the  r e s u l t s  a t  t h i s  po in t  w a s  es tab l i shed  by examining the  eigenvalues and 
eigenfunctions when the  example w a s  rerun a t  a reduced s t ep  s ize .  
o r i g i n a l  solution, obtained for 128 steps,  w a s  rerun a t  256 steps,  the  eigenval- 
ues and the  eigenfunctions obtained agreed t o  within four  decimal places. 
agreement ind ica t e s  t h a t  t he  r e s u l t s  a r e  accurate t o  a t  l e a s t  four  decimal 

When the  

This 

TABLE I. - HISTORY O F  CONVERGENCE FOR WAVE NUMBER OF 1, 

REYNOLDS NUMBER OF 2500, 128 STEPS 

Cr 

' ~ 3 2 3 1  
.3231 
.2886 
.2879 
.2919 
.2973 
-2979 
.3013 
. 3 O U  
.3011 
.3012 

Ci 

'0.0262 
-.0280 
-.0352 - .0348 
-.0295 
-. 0203 
- .0186 
- .0147 - .0144 
- .0142 
- -0142 

Pr 

19 .e219 
28.1241 
14.3404 
20.2816 
20.8031 
23.9439 
24.1864 
25.2129 
25.2429 
25.2891 
25.2889 

rr 
- 

-2.9503 
-2.9495 
-2.7970 
-2.8018 
-2.8196 
-2.8440 
-2.8466 
-2.8611 
-2.8604 
-2 .e607 
-2 .e607 

_____ 

3.1142 
.1220 
.1407 
.1368 
.1177 
.0829 
.0754 
.0603 
.059C 
.058C 
.058C 

9 

place s. 

An idea concerning 
t h e  r a t e  of convergence 
t o  an eigenvalue can be 
formulated from t a b l e  I 
where t h e  h i s t o r y  of t he  
various i t e r a t i o n s  i s  
displayed. The eigen- 
values a t  a = 1 and 
Re = 2500 were being 
sought, and the  eigen- 
values and the  i n i t i a l  
values a t  a = 1 and 
Re = 1600 were used as 
i n i t i a l  estimates.  It- 
e r a t i o n  w a s  stopped when 

I . . . . . . .. . . .. . 



a l l  t h e  values f o r  two consecutive i t e r a t i o n s  agreed t o  four  decimal places.  
Similar runs were made t o  obtain other  eigenvalues; f o r  example, t he  eigenvalues 

0.3231 

.3012 

.2569 

.2375 

I Reynolds 1 Method of Thomas 

-0.0262 

-.0142 

.0010 

.0038 

number, 

1,600 

10,000 

.2569 

.2375 

~~ 

-0.0262 

-. 0142 

.0009 

.0037 

Present  method 
(128 s t e p s )  

a t  a = 1 and Re = 6400-were obtained by 
using the  eigenvalues and i n i t i a l  values 
a t  a = 1 and Re = 2500. Convergence 
i n  th i s  case required 18 i t e r a t i o n s  t o  
achieve four-decimal-place agreement be- 
tween two consecutive runs. About 25 
i t e r a t i o n s  can be performed i n  1 minute. 

The t a b l e  a t  the  l e f t  shows the  re -  
sults obtained by using the  present  
method and the  results obtained by 
Thomas ( r e f .  4 )  f o r  a = 1 and various 
Reynolds numbers. A s  can be seen from 

the  tab le ,  the  r e s u l t s  d i f f e r  a t  most by one u n i t  i n  t h e  f o u r t h  decimal place.  

Table I1 shows t h e  eigenfunctions a t  a = 1 f o r  Re = 10,000 f o r  a 256-step 
solution. The r e s u l t s  presented i n  t h i s  t a b l e  can be compared with r e s u l t s  

TABLE 11. - EIGENFUNCTIONS FOR WAVE NUMBER OF 1, 
REYNOLDS NUMBER OF 10,000 

Y 

1 
.0625 
. E 5 0  
.la75 
.2500 

.3125 

.3750 

.4375 

.5000 

.5625 

.6250 

.6875 

.7500 

.a125 

.a750 

.9375 

.oooo 

~ 

Present method 
(256 steps) 

'Pr __ ~ 

0 
.0%3523 
.223679 
.359409 
.473718 

.569594 

.652213 

.72363% 

.785im 

.837814 

.8%2240 

.919018 

.948579 

.971250 

.98 72 7 7 

.996827 
..oooooo 

'Pi 

0 
- .0013 21 - .01340: 
- .00451i 
-.003641 

-.00324C 
-.00265C 
-.002131 
- .001668 

-.001266 
-.000923 
- .000637 - .000406 

- .00022 7 
- .000101 
- .000025 
3 

Method of Thomas 

mum . c r i t i c a l  Reynolds number w a s  obtained. 

given i n  table v of reference 4. 
making t h i s  comparison, it must be 
remembered t h a t  the  coordinate y 
used by Thomas ranges from -1 t o  1 
and the  center  of t he  channel i s  a t  
y = 0. The coordinate y used 
here in  ranges from 0 t o  2, and the  
center  of t he  channel i s  a t  y = 1. 
Also the re  i s  a difference i n  the  
d e f i n i t i o n  of the  stream funct ion 
used by Thomas and t h e  d e f i n i t i o n  
used herein.  When these  f a c t o r s  a re  
considered, it can be seen t h a t  
t he re  i s  good agreement between the  
values taken on by the  eigenfunction 
reported here in  and t h e  values given 
by Thomas. Although t h i s  agreement 
cannot be seen r e a d i l y  f o r  a l l  the  
values because of t he  difference i n  
t h e  increment of t he  independent 
var iab le  y, t he re  a re  severa l  val-  
ues t h a t  can be checked d i r ec t ly .  
These values agree with t h e  r e s u l t s  
of Thomas shown i n  t a b l e  I1 t o  four  
decimal places.  

I n  

Final ly ,  the  value of t he  min i -  
The eigenvalues were obtained i n  the  

v i c i n i t y  of the minimum value of 5780 reported i n  reference 4. 
shows ci p l o t t e d  against  a f o r  various values of Re. In te rpola t ion  ( f i g .  
l ( b ) )  bmed  on the  values given i n  f igu re  l ( a )  leads  t o  a minimum c r i t i c a l  Rey- 
nolds n h b e r  ( t h e  lowest value of Re f o r  which i n s t a b i l i t y  e x i s t s )  of 5767 a t  
a = 1.02. An in te rpola ted  value of 5780 a t  a = 1.026 i s  given i n  reference 4. 

Figure l ( a )  

10 



I IP 

From t he  comparisons made previously, it can be seen t h a t  t he  agreement of the  
r e s u l t s  of t h i s  repor t  with those of Thomas i s  very good. 

CONCLUDING RENARKS 

The ca lcu la t ions  and a comparison of them with the  method of Thomas indi-  
ca te  t h a t  the  method reported here in  i s  r a p i d  and highly accurate.  
1 minute of computing time on the  IBM 7094 computer i s  required t o  ca lcu la te  t he  
eigenvalues a t  a representat ive point  i n  the  wave number-Reynolds number diagram 
i f  reasonably accurate i n i t i a l  es t imates  of the  eigenvalues a re  provided. Tbe 
method appears capable of being e a s i l y  generalized to solve more complex s t a b i l -  
i t y  problems. The close agreement of t he  r e s u l t s  presented i n  t h i s  r e p o r t  with 
the  r e s u l t s  of Thomas i s  g r a t i f y i n g  i n  view of t he  previous h i s t o r y  of contra- 
d ic tory  r e s u l t s  regarding the  s t a b i l i t y  of plane P o i s e u i l l e  flow. 

L e s s  than 

Lewis Research Center 
National Aeronautics and Space Administration 

Cleveland, Ohio, May 19, 1964 
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APPENDIX A 

SYMBOLS 

C 

L 

P 

(4 

Re 

r 

S 

t 

U 

U 

V 

X 

Y 

Y C  

a 

V 

0 

$ 

phase ve loc i ty  

channel h a l f  - spacing 

s ( 0 )  

s ' ( 0 )  

Reynolds number 

S O )  

d i  s t urban ce v o r t i c i t y  amplitude 

time 

ve loc i ty  of b a s i c  flow 

disturbance ve loc i ty  p a r a l l e l  t o  p l a t e s  

disturbance v e l o c i t y  normal t o  p l a t e s  

dis tance p a r a l l e l  t o  p l a t e s  

normal dis tance from lower p l a t e  

matching point  

wave number 

kinematic v i s c o s i t y  

stream funct ion amplitude 

stream funct ion 

Sub s c r  i p t  s : 

b r e f e r s  t o  backwards solut ion 

f r e f e r s  t o  forward so lu t ion  

i r e f e r s  t o  imaginary p a r t  

max maximum 

12 



r r e f e r s  to r e a l  pa r t  

3 denotes p a r t i a l  d i f f e r e n t i a t i o n  

Super s c r i p t s  : 

(-) dimensional quant i ty  

I denotes d i f f e r e n t i a t i o n  with respect  to y 

13 



APPENDIX B 

EQUATIONS IN REAL FORM 

The r e a l  d i f f e r e n t i a l  equations a re  oBtained by separat ing t h e  o r i g i n a l  
equations i n t o  r e a l  and imaginary pa r t s .  
r e a l  form a re  a s  follows: 

For example, equations (8) w r i t t e n  i n  

The per turba t ion  d i f f e r e n t i a l  equations f o r  v a r i a t i o n s  with respec t  t o  the  r e a l  
p a r t  of t he  i n i t i a l  values f o r  both the  forward and 'backward so lu t ions  a re  of 
t he  same form as equations ( B l ) .  

The per turba t ion  d i f f e r e n t i a l  equations f o r  t h e  va r i a t ion  with respec t  t o  
t h e  eigenvalue 
lowing form: 

cr f o r  both the  forward and backward so lu t ions  a re  of t h e  f o l -  

The r e a l  l i n e a r  equations f o r  t h e  cor rec t ions  t o  the  i n i t i a l  conditions,  
and t h e  eigenvalue a re  obtained by separat ing t h e  o r i g i n a l  equations i n t o  r e a l  
and imaginary pa r t s .  
t h e  two r e a l  equations 

For example, equation ( 2 l a )  w r i t t e n  i n  r e a l  form leads  t o  

14 



where 

Since the  der iva t ives  with respect  t o  the  r e a l  quan t i t i e s  a re  the  ones t h a t  
a r e  calculated,  it i s  necessary t o  express the  r e a l  and imaginary p a r t s  of t he  
complex der iva t ives  i n  terms of der iva t ives  with respect  t o  r e a l  quant i t ies .  

and ( c p f , p ) i  = ( c p f )  * 
r, P, i, P r  

For example, i n  the  case of cp f ,p,  (cpf,p& = (9f) 
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APPENDIX c 

I ~ G R A T I O N  FORMULAS 

The i n t e g r a t i o n  i s  performed by using the  f i f t h - o r d e r  predictor-corrector  
method of Milne, which uses the  fourth-order Runge-Kutta method t o  obtain start- 
ing values. 

Let t he  system of n equations t o  be solved be given i n  t h e  form 

with the  i n i t i a l  conditions 

YT("0)  = Y i 0 7  Y i ( x , )  = yio7 ( i  = 1 ,2 ,  . . ., n)  (c2)  

be P Let Y i ,  k and Yi,k be t h e  values of yi and y t  a t  x = xk, f i ,k  
the  second der iva t ive  of y i  a t  x = Xk, and h be the  s t ep  s ize .  The spec ia l  
Runge-Kutta formulas ( r e f .  8 )  used a re  as follows: 

where f i (Xk,yi ,k)  i s  a shorthand notat ion for fi(xkJyl,k,y2,k, . . ., yn7k) .  

The Milne predic tor -cor rec tor  formulas ( r e f .  6 )  f o r  solving the system ( C l )  
a r e  

16 



1' 

The co r rec to r  formula equation (C4b) i s  appl ied only once so t h a t  only t w o  de- 
r i v a t i v e  evaluat ions are needed for each Milne i n t e g r a t i o n  s tep.  The s t a r t i n g  
values needed i n  t h e  p red ic to r  formula (eq. (C4a)) a r e  obtained by using equa- 
t i o n s  ( C 3 ) .  

17 



APPENDIX D 

DESCRIPTION O F  THE FORTRAN PROGRAM FOR SOLUTION O F  THE EIGENVALUE 

PROBLEM O F  PLANE P O I S E U I m  FLQW 

The numerical procedure out l ined  previously f o r  solving t h e  eigenvalue 
problem was programed for so lu t ion  on t h e  I B M  7094 i n  FORTRAN I V .  
as l i s t e d  below i s  ava i l ab le  upon request  f r o m  t h e  author.  

The program 

The correspondence between FORTRAN symbols used i n  t h i s  program and the  
mathematical no ta t ion  employed previously i s  shown i n  t h e  following l i s t :  

FORTRAI' 
symbol 

Y 1  

Y2 

s1 

s2 

Y l A  

Y 2A 

SlA 

S2A 

Y1C 

Y2C 

s1c 

s2c 

DY1 

DY2 

D S 1  

DS2 

DYlA 

DY2A 

D S l A  

DS2A 

DYlC 

DY2C 

DSlC  

Mathematical 
symbol 

FORTW 
symbol 

DSZC 

c1  

c2 

D E W  

DELA2 

D E B 1  

DEL02 

DELCl 

DELC 2 

DELDl 

DELD2 

SlEwD 

s2m 

DSLFWD 

D S 2 m  

SDACK 

SZBACK 

A 

R 

W 

DDW 

X 

18 
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The following remarks a r e  intended t o  a i d  i n  a study of t he  program: 

(1) Subroutine DAUX i s  used t o  evaluate the  second der ivat ives .  The var i -  
ab les  Z and DDZ t h a t  appear i n  DAUX a re  dummy variables .  

( 2 )  Subroutine ZMANDZ i s  used t o  s to re  the  matrix of coe f f i c i en t s  t h a t  a r e  
formed from funct ions and p a r t i a l  der iva t ives  evaluated a t  t he  matching point.  
The so lu t ion  of t he  simultaneous l i n e a r  equations i s  accomplished by c a l l i n g  
subroutine LSGAUS. A l i s t i n g  of t h i s  subroutine i s  not included herein since 
programs t h a t  solve simultaneous l i n e a r  equations a re  r e a d i l y  ava i lab le  a t  a l l  
computing establishments.  For t he  purpose of following t h e  log ic  of subroutine 
ZMANDZ, the  reader  can ignore a l l  the  arguments i n  the  c a l l  of LSGAUS except EE 
and W. Before the  subroutine i s  called,  EE contains the  coe f f i c i en t  matrix 
and W contains the  "right-hand s ide ."  After LSGAUS i s  called,  W contains the  
answers. 

(3)  Subroutine INTEGR c a r r i e s  out the  step-by-step in tegra t ion  with e i t h e r  
the  Runge-Kutta method (INDEX = 0 )  or the  Milne method, which uses the  Runge- 
Kutta method t o  obtain s t a r t i n g  values (INDEX = 1). 

The program l i s t i n g  i s  given i n  appendix E and flow char t s  of t he  program 
a re  presented i n  f igu res  2 t o  4. 

19 
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APPENDIX E 

PROGRAM LISTING 

M A 1  N 
E X T E R N A L  DAIJX 
D O U B L E  P R E C I S I O N  Y l r Y 2 ~ S l ~ ~ S 2 ~ Y 1 A t Y 2 A ~ S l A ~ S Z A ~ Y l C ~ Y 2 C ~ S l C r S 2 C ~ D Y l r  

1 D Y 2 , D S 1 ~ D S 2 ~ D Y 1 A ~ D Y 2 A ~ ~ S l A ~ D S 2 A ~ D Y 1 C , D Y 2 C ~ D S l C , D S 2 C , C l ~ C 2 ~ T ~ D T r  
2 D E L A l r D E L A Z , D ~ L S 1 ~ D E L 9 Z ~ D F L C ? , D F L C Z ~ @ ~ L D l , P F L ~ 2 , S l ‘ F W D , S 2 F W D ~  
7 D S l F W b i ~ S Z F W D , S l B A C K 1 5 2 B ? C K  
C OU B L E  P R E C I S I 0 N D D  T 9 S‘AA L L E 9 SY A L L N 
COMMON C 1  r C 2  ,A ,R r W I  DDW ,? \A,AR’  
COMMOR S ~ F W D ~ S ~ F W D , ~ S ~ F W D I ~ S ~ F W D ~ ~ E L A ~ ~ D E L A ~ ~ D E L B ~ ~ D E L B ~ ~ D E L C ~ ~  

l D E L C 2 t D E L D l r D E L D 2 r T , D T  
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5 0 ~ = 2  
x = .o 
X P R I N T = . O  
D E L X P R  = A B S ( D E L X P R 1  
H=ABS ( 1-1 1 
Y l = . O D n  
y 2 =  .rw 
DY 1 =. 
D Y 2 = .  C?C 
S 1  = S  1 FWCI 
S 2 = S 2 F WE 
DS 1 = DC 1 F V D  
D S ?  = D I; 2 FWD 
G O  T i l  4 

X = X F N D  
H=-AP,S ( H  1 
X D R I N T  = XFNO 
D E L X P R = - A O S ( D E L X P R 1  
Y l = l . D O  
Y2=.ODn 
D Y l = . O D @  
DY2=.9DTr 
S l = S l B A C K  
S Z = S Z B A C K  
D S 1 =  .OD0 

5 1 J = l  

D S 2 =  .OD0 
106 F O R M A T l l l O H O X  Y 1  Y 2  D Y 1  D Y 2  S 1  52 D S 1  D S 2 /  W Y 1 A  Y 2 A  D Y l A  D Y P A  S 1 A  

1 S 2 A  D S 1 A  D S Z A /  DDW Y 1 C  Y 2 C  D Y l C  D Y Z C  S 1 C  S 2 C  D S l C  D S Z C )  
4 W R I T F  ( 6 r l O 6 )  
6 C A L L  1NTFC.D (h! r t i r  X r ” r  T r D T  r D D T  r I N D E X  DAIJX ) 

GO T O  14 
1 5  C A L L  INTEGR(NrtirXrlrTrCTrDDTr1NDEXrDAUX) 

6 0  X X = X - X P R I N T  
64  I F ( X X ) 1 5 * 1 4 r 1 4  

1 4  W R I T F ~ 6 r 1 ~ 7 ) X ~ Y l r Y Z r D Y l r ~ Y 2 r S l r S 2 r D S l r D S P r W r Y l A r Y P A ~ D Y l A ~ D Y P A r S l A ~  

GO TCI ( 6 1 ~ 6 n ) ~ ~  

107 F O R M A T ( F 1 4 . 4 r l P R D 1 4 . 5 / ( l o E 1 4 . 5 r l P 8 D 1 4 . 5 ) )  

1S2ArDSlArDS2AtDOWrYlCrY2~~rDYlCrDY2CrSlCrS2CrDSlCrDS2~ 
3 X P P I N T = X D R I N T + D F L X P R  

GO TO ( 6 3 r 6 2 ) r J  
6 2  XXX = X-XMATCH 
6 5  I F  ( X X X )  1 5 r l 6 9 1 6  
6 1  XX = X P R I N T - X  

GO TO 6 4  
6 3  XXX = XMATCH-X 

GO TO 6 5  
1 6  C O N T I N V F  

C A L L  ZMAMDZ ( I )  
I F ( I I 5 7 r 5 7 r 5 8  

GO TO 49 
5 8  I = I - l  

110 F O R M A T ( 1 6 H O S U M  OF S Q U A R E S = l P D 1 4 . 7 * 1 8 H  SUM OF EIGEN SQ=J.PD14.7) 
5 7  W R I T E ( 6 r l l O ) Y l r Y Z  

S l F W D = S l F W D + D F L A l  
S Z F W D = S Z F W D + D E L A Z  
D S l F W D = D S l F W D + D E L R .  
D S Z F W D = D S Z F W D + D E L B Z  
C 1  = C l + D F L C  1 
C Z = C Z + D E L C 2  
S l B A C K = S l B A C K + D F L D l  
S Z B A C K = S Z B A C K + O F L D Z  
WRITE(6r104)SlFWDtS2FWDrDSlFWDrDSZFWD 
WRITE(6rlC5)ClrC2rSlBACKrS2BACK 
I T E R A T = I T E R A T - l  
I F ( I T E R A T ) 9 r ? r 2 5  

2 8  I F ( Y l - S M A L L N ) 9 r 9 r 2 9  
29 I F ( Y Z - S M A L L E ) 9 r 9 r l O  

F N D  
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SUBROUTINE I NTEGR ( N  * t i * X  I S E T  t Y  t DY *DDY I N D E X  r F  ) 
DOUELE P R E C I S I O N  E*YLLL*YLL,YL*Y.DYL*DYIDDYLLIDDYLL*DDYL*DDY*YR*DYR*DDYR 

l i C 2 * C 3 r D  

1 D G Y L l i 2 ~ ~ D D Y ~ 1 2 ) r Y R ~ l 2 ~ ~ D Y R l l 2 ~ ~ D C Y R ~ 1 2 ~ ~ C 2 ~ l 2 ~ ~ C 3 ~ l 2 ~ ~ P l l 2 ~  
D I Y E K S I O K  Y L L L ~ 1 2 ~ ~ Y L L ~ i 2 ~ ~ Y L ~ l 2 ~ ~ Y ~ l 2 ~ ~ ~ Y L l l 2 ~ ~ @ Y l l 2 ~ ~ P C Y L L l l 2 ~ ~  

E=H 
I F (  ! S F T ) 6 , 6 * 7  

8 A S S I G N  2 TI! K 

9 ASZ1C.N 1 TO K 
2 1  C A L L  F ( X * Y * D D Y )  

6 I C (  I N C E X l 9 r 9 r P  

GO TO 21 

59  TO lc! 
7 5C TO K r ( l r Z * 3 r 4 * 5 )  
1 Dr! 11 I = l * N  

11 P ( 1 )  Y ( I ) + ( H / 2 . ) * D Y I I ) + ( ( H + H ) / B . ) + D D Y ( : )  
C A L L  F ( X + H / Z e * P , C 2 )  
DO 1 2  I = l r N  

C A L L  F(X+61 r P s C 3 )  
12 P( i ) = Y I I )+H*E!Y ( 1 )  t ( 1 ’ ! + ! ) / 2 .  ) * C 2  (I 1 

1 3  D Y R I ! )  = C Y ( [ )  + (E/6.1*1DDYIi)+4.*C2(I)+C3(1)) 

22 x = X + t i  
C A L L  F ( X + H * Y R * P D Y R )  

DO 14 I = l r N  
Y L L L ( 1 )  = Y L L ( I )  
Y L L ( 1 )  = Y L ( I )  
Y L ( 1 )  = Y ( 1 )  
Y ( i )  = V R I I )  
D Y L I I )  = D Y ( 1 )  
@ Y ( I )  = E V P ( 1 )  
D D Y L L C I )  = D C Y L ( I 1  
D C Y L ( 1 )  = C D Y I I )  

1 4  DCY ( I )  = DCYR I I) 
1 C  QETURN 

2 ASSIGP.1 3 TO K 

3 A S S I C ? ;  4 TC Y 
GO T O  1 

GO T ?  1 
4 A S S I G N  5 TCI K 

60 TO 1 

END 

SUBROUTINE DAlJX ( X * Z * D C Z  1 
DOUGLE P R E C I S I O N  C l r C 2 r Z * D D Z  
COMMON C 1 C 2 C P W * PD’d fi>A AF! 
D I Y E N S I O N  Z 1 1 2 ) r D C Z ( 1 2 )  
w=2 .*X-X*X 
CDW=-2 
D D Z ( l ) =  A A * Z ( l )  + 2 ( 3 )  
D D Z ( 2 ) =  A A * 2 ( 2 )  + 2 ( 4 )  
D D Z ( 3 ) =  A A * Z I 3 )  - A R + ( ( h ‘ - C l ) * Z ( 4 )  - C 2 * Z t 3 )  
D D Z 1 4 ) =  A A * Z ( 4 )  + A R * ( ( W - C 1 ) * 2 ( 3 )  + C 2 * 2 1 4 )  
D D Z I 5 ) =  AA*Z 
D D Z 1 6 ) =  AA*Z 
D D Z ( 7 ) =  AA*Z 
D D Z I R ) =  AA*Z 
D D Z 1 9 ) =  AA*Z 
DDZ ( 1 P  )=AA*Z  
DDZ ( 1 1  ) =AA*Z 
DDZ I12 1 =AA*Z 
RETURN 
EElD 

1 2 ) - C 2 * Z ( l l  
11 1 +c2*z ( 1 2  

- D D W * Z ( 2 ) )  
-DDW*Z ( 1) 1 

-DDW*Z 16 1 ) 
- D D W * Z l 5 )  1 

-DD!J*Z ( 10 1-2 
-DDW*7 ( 9 1-2 ( 
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